Abstract: From an experimental-mathematical perspective we analyze "Isingclass" integrals. These are structurally related n-dimensional integrals we call C n , D n , E n , where D n is a magnetic susceptibility integral central to the Ising theory of solid-state physics. We first analyze
We had conjectured-on the basis of extreme-precision numerical quadraturethat C n has a finite large-n limit, namely C ∞ = 2e −2γ , with γ being the Euler constant. On such a numerological clue we are able to prove the conjecture. We then show that integrals D n and E n both decay exponentially with n, in a certain rigorous sense. While C n , D n remain unresolved for n ≥ 5, we were able to conjecture a closed form for E 5 . Our experimental results involved extreme-precision, multidimensional quadrature on intricate integrands; thus, highly parallel computation was required.
Part I. Experimental-mathematics approaches 1 Background and nomenclature
This research began as a quest for a numerical scheme for high-precision values of Ising susceptibility integrals, in our preferred normalization being defined as
The integrals D n appear in susceptibility expansions from Ising theory, as detailed in the literature including works on field-theoretic and form-factor approaches [19, 20, 24, 26, 27, 28, 25, 4] . Very briefly, the importance of D n in Ising physics runs as follows [22] . Magnetic susceptibility χ(T )-essentially a spin-spin correlation in the 2D Ising model-depends asymptotically on temperature T as
, where T c is the critical temperature and the subscript ± indicates whether T > T c (plus) or T < T c (minus). The connection with our present analysis is that the so-called susceptibility amplitudes
where C ± are explicitly known constants [24] , involve integrals I n proportional to our D n ; specifically
We have taken the D n integral, therefore, as a prime candidate for experimentalmathematics research; i.e. knowing a D n in closed form traces immediately back to an important term from a susceptibility expansion. It was suggested to us by C. Tracy [22] and emphasized by J-M. Maillard [16] that evaluation of the D n susceptibility integrals-to sufficient precisioncould well lead to experimental-mathematical capture for some n > 4. In fact, the appearance of Riemann-zeta evaluations is already a known phenomenon in related nonlinear physics [10] . Now, because closed forms for the D n are difficult, as are numerical evaluations for large n, we elected to study first some related but simpler integrals. This was our initial motive for defining the entities
(not to be confused with the C amplitudes of Ising theory), and later C n,k as discussed in Part II of this paper. Because these C n are relatively easy to resolve to extreme 1 precision, we remain hopeful that finding closed forms experimentally for some C n will suggest, at least qualitatively, what fundamental constants might appear in the higher D n . Indeed, a mere glance at similarities between closed forms at a given level n vindicates this expectation (see Table 1 ). In the sense that we are taking not a physics-oriented but an experimental-mathematics approach, the present work is reminiscent of [12, pg. 312-313] and [9, 8, 7] . Moreover, as enunciated in our Abstract, these C n for large n appeared to approach a positive constant, in fact rather rapidly. The natural conjecture and proof of same are given in a later section.
Even though our introduction of the C n , E n integrals is thus "symbolically motivated," it turns out in retrospect that the C n do have relevance in Ising physics. Namely, these integrals appear naturally in the analysis of bounds on certain amplitude transforms [22] , [20, Lemma 5 .1, and p. 384].
We have found the following symbolic machinations particularly useful. For either integral (1) or (2) , consider the simplex with constraint u 1 > u 2 > · · · > u n . We may then use the change of variables u k := k i=1 t i , with t 1 ∈ (0, ∞) and all other t i ∈ (0, 1), to transform the integration domain into a finite one. Define .
Then the relevant integrals can be cast like so:
Here, the 1/n! normalization has disappeared due to the n! ways of ordering the simplex indices, and we have symbolically integrated over t 1 . It will turn out to be useful to define also an integral
It transpires that, for all n ≥ 1, we have
The first inequality is trivial, and also trivial is the implicit relation D n ≤ C n , since by their very definitions A, B ∈ [0, 1] on the domain of integration. Almost as obvious is the inequality E n ≤ n 2 D n . But it will require more work to establish the hardest branch E n ≤ C n (see text after Theorem 3).
Beyond such inequalities, one can go yet further in the matter of asymptotic analysis. Using representations (3, 5) we shall be able to establish that (D n ), (E n ) sequences are both strictly monotone decreasing and genuinely exponentially decaying in the sense that for positive constants a, b, A, B we have
In Section 7 we shall not only prove this (Theorem 3) but also give effective a, b, A, B values. Table 1 exhibits known evaluations of D n and the structurally related Isingclass integrals C n , E n . The reader should beware of varying normalizations in the physics literature; yet every Ising-susceptibility integrand involves, as do our D n from (1), some manner of combinatorial entity constructed over (i, j) index pairs. (For n = 1 we interpret the (i < j) product in the definition (1) as unity.) Our particular normalization for D n vs. I n := D n /(2 n π n−1 ) means, in reference to our Table 1 , that I 1 = 1, I 2 = 1/(12π), and so on. The constants
Tabulation of results
2 ) ≈ 0.00081446 and I 4 = D 4 /(16π 3 ) ≈ 0.000025448 were resolved in closed form c. 1977 [21] [24] , while D 5 , though still algebraically elusive, was resolved to 30 decimal places by B. Nickel in 1999 [17] -these respective symbolic and numerical achievements being remarkable for their eras. Though I 3 is sometimes known in the literature as the ferromagnetic constant, it looms appropriate to honor the pioneering work of [24] , by referring to the collections (I n ) and (I 1 , . . . , I 4 ) as the McCoy-Tracy-Wu (MTW) integrals and constants, respectively. Indeed, our Section 9 provides a synopsis of their historical analysis, while Section 14 and Appendix 2 contain our recent extreme-precision rendition of D 5 = 32π
4 I 5 and also D 6 = 64π 5 I 6 . In the construction of Table 1 , we have invoked a Dirichlet L-function that occurs frequently in mathematical physics (see [11, §2.6] 
and also the standard polylogarithm
All the closed forms in Table 1 are proven, except for the one shown for E 5 , which is an experimental result based on a 240-digit computation. This E 5 relation was found using PSLQ at a confidence level of 190 digits beyond the level that could reasonably be ascribed to numerical round-off error (we will describe the computation of E 5 in Section 14). As for large-n behavior implied in Table 1 , we know C ∞ rigorously as an exotic constant, while the Ω, O notation means both D n , E n decay exponentially but no faster than that (see Theorem 3). Numerical entries here are known to higher precision than is displayedin fact we know many C n , as well as some D n , E n , to extreme precision (see Section 14 and Appendix 1).
3 Bessel-kernel representations for C n Let us first use the transformation u k → e x k in (1), (2) to achieve the representations
where here and elsewhere D x is interpreted symbolically as the full-space operation
Now C n can be put in the form
P cosh x k dp.
2 Note that some literature treatments (e.g. [21] ) use the Clausen function [15] which is algebraically related to the stated L-function. 3 It is a both a convenience and a pleasure to invoke thus the "curly-D" of Feynman pathintegral lore, as the present research traces back to solid-state physics, not to mention that we contemplate at one juncture an infinite-dimensional limit. =' connote, respectively, 'proven' and 'detected experimentally.' The asymptote C∞ = 2e −2γ is also proven.
which leads to an attractive, 1-dimensional integral
where K 0 is the standard, modified Bessel function [1]
In anticipation of experiments and theorems to follow, we state ascending and asymptotic expansions of K 0 , respectively:
where γ denotes the Euler constant and the H k := m≤k 1/m are the harmonic numbers, with H 0 := 0. It is known [1] that the error accrued in taking terms through index m = M in (12) is no larger than the first dropped term (and with sign of that dropped term). We also make use of the representation
valid for real x > 0 and Re(ν) > −1/2 [1] . Observe that in the ascending series (11) the leading term is −γ − log(t/2), revealing a logarithmic singularity at the origin. It will turn out to be lucrative to define a "pivot point"
such that said leading term vanishes at t = p 0 . To simplify our derivations to follow, we also adopt an "effective big-O" notation, as
meaning |f /g| ≤ 1, equivalent to O( ) notation but with implied big-O multiplier of unity. Again in anticipation of experiment and theory, we state the next result.
Lemma 1 For the modified Bessel function K ν (x) with real ν ≥ 0 and real x > 0, with pivot point p 0 , we have
Proof. Relation (14) 
Experiment leads to theory
Later in Section 11 we discuss numerical evaluation of C n for large n. Even a cursory examination of the high-precision numerical results displayed in Appendix 1 suggests that C n appears to approach a definite limit, namely
After inserting the numerical value we obtained for C 1024 into the smart lookup facility of the CECM Inverse Symbolic Calculator at http://oldweb.cecm.sfu.ca/cgi-bin/isc we obtained the output:
Mixed constants, 2 with elementary transforms. 6304735033743867 = sr(2)^2/exp(gamma)^2
In fact, according to our calculations,
On the basis of this and other observations, we were convinced of the truth of the following, experimentally motivated conjecture:
The sequence of integrals (C n : n = 1, 2, 3, . . . ) is strictly decreasing. Moreover, we have the finite limit
Indeed, armed with confidence in the above conjecture, we may proceed to prove all aspects of the conjecture, starting with Theorem 1 (C n : n = 1, 2, 3, . . . ) is strictly decreasing.
Proof. We may integrate by parts, starting with equation (9) , to arrive, via Lemma 1 (15) , at
(p) dp.
We may therefore express a difference
But, by Lemma 1 (14) , the integrand in (19) is nonnegative on p ∈ (0, ∞),
Our next observation is that certain generating functions can be used to extract limits of monotonic sequences. We have Lemma 2 Let (r n : n = 1, 2, 3 . . . ) be a positive, strictly monotone-decreasing sequence. Denote, then, r = lim n r n , and define a generating function
Then r = lim z→1 − (1 − z)R(z).
Proof. For z ∈ (0, 1), we have
Now fix > 0, and observe that
Deeper such results obtain in Abelian-Tauberian theory, yet this lemma is quite sufficient for our present purpose.
Now we contemplate the generating function
and we use this construct to establish the large-n limit of our C n :
Proof. The generating function (21) at hand may be developed, via the representation (9) and then (16) , (17) of Lemma 1, like so:
where c is a constant independent of z. Using the fact that for x ∈ [0, 1] we have e x = 1 + Θ(x + x 2 ), we obtain
where c 1 , c 2 are again z-independent constants. It follows that
and via Lemma 2 the theorem follows. QED It has become evident-largely on hindsight-that integration of (9) up to only the pivot point p 0 generally leaves an extremely small residual integral. Indeed, if we interpret the representation (9) as
pK n 0 (p) dp then the second integral is easily seen-via Lemma 1 (17)-to be factorially minuscule, in the sense that for any n > 1,
By inserting the ascending series (11) into this pivot integral over p ∈ (0, p 0 ), we obtain-after various manipulations-the asymptotic expansion
where the partitions are over nonnegative integers k i . This attractive expansion is in the spirit of mathematical physics-it is essentially a perturbation expansion with coupling parameter e −2γ . Indeed, the first few terms go
2 n e −4γ + 2n 2 + 23n + 57
Remarkably, just these displayed terms with n = 32 yield a C 32 value to 17 good decimals-an efficient way to effect quadrature to reasonable precision on a 32-dimensional integral! 5 Further dimensional reduction for C n One way to proceed analytically is to invoke a scaled-coordinate system. Using the representation
we let the first coordinate u 1 be an overall scale. This is much the same as using n-dimensional "spherical coordinates" involving the scale (radius) r and (n − 1) angular coordinates. Let us posit, for (5.1),
It turns out that this scaled-coordinate transformation generally reduces the integral (23) by two dimensions, since one may easily integrate symbolically over r, then almost as easily over x 0 . Inter alia we find, trivially, that
as start out our Table 1 entries for C n . Beyond this, the general procedure yields an (n − 2)-dimensional form
for n ≥ 3, where P, Q are the interesting constructs (here and in what follows, P, Q are to be written in terms of the available integration variables x 1 , . . . .):
Thus, for n = 3 we only need evaluate a one-dimensional integral:
which, via the transformation x → 1/t − 1 becomes
where the factor '2/3' is removed from the final line on the observation that 1/1
For n = 4 we had conjectured, on the basis of numerical values, such as those in Appendix 1, and PSLQ integer relation finding facilities [11] , that
This turns out to be true, derivable via the 2-dimensional reduced integral
Indeed performing the internal integration leads to
, analytically continued. Now, integrating by parts leads to
where each integral is an integral multiple of ζ(3), as can be obtained from the analysis of the trilogarithm Li 3 (x) := x n /n 3 , in [15, §6.4 and Appendix A3.5].
For n ≥ 5 we may continue the procedure at least once more and write an (n−3)-dimensional integral. One expresses the coordinates (x 1 , . . . , x n−2 ) using x 1 as scale, to arrive at
where, here, Q := Q(t 1 , . . . , t n−3 ) is the Q-form (25) for (n − 3) dimensions, and
Moreover, M(Q) is directly expressible in terms of logarithms and dilogarithms.
In fact, with α :
> 0 so that the larger quantity
we have
where the last equality follows from [15, A.2.1. (5)]. This development, for example, represents C 5 as a double integral, namely
where
While the details are a bit foreboding, all of this suggests that in general C n may well be a combination of polylogarithmic constants of order at most n − 1. In this language the results we have obtained are
1/2 )/3. On the other hand, there is some theoretical evidence in support of a possible "blockade" against closed forms for C 5 and beyond. Namely, the Adamchik algorithm [2] for evaluating integrals of argument powers with Bessel-function powers does not extend beyond fourth powers of the Bessel terms [3] . Thus C 4 can be derived via the Adamchik method, but evidently C 5 cannot.
To summarize so far: We have rigorously established closed forms as in Table  1 for C 1 through C 4 . However, the higher C n 's remain elusive. It is pleasingand justifies our original research motivation-that the above closed forms for the C n involve, at least for these small n, similar fundamental constants as appear for the few known D n appearing in Table 1. 6 Symbolics for the susceptibility integrals D n A first approach to closed forms for D n is to exploit various advantages of integral representation (3). We have, with A n B n denoting the integrand with the (n − 1) variables t 2 , t 3 , . . . , t n , A 1 B 1 := 1 and
Hence, D 1 = 2 while
which integral Maple can reduce 4 to the exact value for D 3 given in our introduction, at least in the form
As noted in our introduction, a closed form for D 4 is known (see our Section 9), yet the status of higher values is open. The representation above for D 4 via A 4 B 4 was sufficient to compute 14 decimal places in Maple and so to recover this constant with PSLQ. In principle, these methods and especially those of Section Seven allow for a complete symbolic resolution of D 4 but the details are somewhat daunting.
For a second analytical foray, one may envision possible roles of the C n in D n analysis. Looking longingly at (7), one may write
This form reveals that in a specific sense, C n amounts to a first term in a finite sum of integrals. Indeed, one might expand the product into partial products of sech 2 terms, and furthermore employ the attractive Fourier identity
We also have the convenient integral representation
Now for small n one may extract closed forms for D n using a (p, k)-transform apparatus. For example, we have
Notice the direct involvement of the C 2 value as a 1st-order perturbation term.
For higher n, one can still evaluate the Bessel-K integrals in terms of hypergeometric functions, but it is not clear how to handle the rapidly growing number of k variables. Still, these (p, k)-transforms may conceivably give rise to high-precision numerical schemes. The problem with growing k-variable counts is that an appropriate term from the natural expansion of representation (30), say
where P is some set of index pairs, has expansion
where c = card(P). Unfortunately, c can be O(n 2 ). Still it may somehow be possible to somehow employ a higher-order sechFourier transform, namely a generalization of (31) [18] :
Likewise, it would be good to know the Fourier transform of
in terms of at most n spectral variables k q , rather than c = card(P) = O(n 2 ) such variables. In any case, it may well be that an appropriate (k, p) transform would lead us back to the highly successful numerical approach that yielded results for the C n . As interesting as these (k, p) transforms may be, such an approach may be misdirected in the sense that a "perturbation series" for D n starting with leading term C n is unrealistic, due to the different asymptotic character of D n , as we next discuss.
7 Asymptotic character of D n and E n With a view to proving that D n , E n are genuinely exponentially decaying in a certain sense, we first note the examples
2 − 8 log 2 + 32 log 2 2 ≈ 0.0901102, with E 4 also enjoying a more extended but similar closed form (see Table 1 ). Just these few examples suggest exponential decay of the E n integrals, with a decay constant about 5 (see Table 2 and Section 13). For convenience in the theorem to follow, we define
and let m := n − 1, so that E n is the integral over the unit m-cube of the product of (a triangular number) m(m + 1)/2 instances of R. Specifically, for n > 1,
Observe also that the reduced D n integrand is the same R-product multiplied by the extra factor B n (x 1 , . . . , x m ) :
, where
and
Theorem 3 The sequences (D n ) and (E n ) are both strictly monotone decreasing for n ≥ 1. Moreover, D n and E n enjoy genuine exponential decay; that is, there exist positive constants a, b, A, B such that for all positive integers n
where effective values are {a, b} = {19, 14} and {A, B} = {12, 4}.
Remark:
The effective values may be further improved with more aggressive application of the following techniques. For example, B can be (2/E p )
for any p > 1, and so the approximate (nonrigorous) value for E 8 in Table 2 yields effective constant B ≈ 4.97. Likewise, more effort to enhance (32) will presumably improve the lower bound b, the remaining inequalities being quite tight.
Proof. First, monotonicity. By bounding the integral over the first coordinate x 1 we see that
This establishes strict monotonicity for the sequence (E n ); below we shall tighten this approach to yield a tighter effective constant. As for monotonicity of the D n , note that for m := n − 1 the R-product involving the first coordinate x 1 can be bounded as
where S is given in the text prior to this theorem. This bound on the x 1 -dependent part can be quickly obtained by taking the logarithm of the Rproduct, noting log R(z) = −2(z + z 3 /3 + z 5 /5 + · · · ) ≤ −2z. Now we obtain an upper bound for the integral over x 1 , as
where we have used
Next, for a fundamentally tighter effective upper bound on E n (and perforce D n -recall the trivial inequality D n ≤ E n ). For a given n, the integrand for E n /2 has at least (n − 1)/2 disjoint triples of the form R(x i ) R(x i x j ) R(x j ), as inspection of a few cases suggests. For example, the integrand for E 5 /2 with variables w, x, y, z is
R(w) R(wx) R(wxy) R(wxyz)R(x) R(xy) R(xyz) R(y) R(yz) R(z),
from which one may read off six (underlined) R's amounting to (5 − 1)/2 = 2 disjoint triples. Thus the integral for E n /2 is bounded above by the product of (n − 1)/2 copies of E 3 /2 and so
and the upper bound follows.
Now for the lower bound. The reduced D n integrand is a product of m(m + 1)/2 evaluations of R (where m := n − 1) times the factor B n . Said integrand is monotone decreasing in all variables x 1 , . . . , x m . That is, the integrand ι satisfies ι( x) ≤ ι( y) whenever x k ≤ y k for all coordinate indices k. But this means that for any α ∈ [0, 1] the integral is bounded below by a natural approximation of the integral over the sub-cube [0, α] m . So, we evaluate all the R terms at the corner vector α := (α, α, . . . , α), observing also B n ( α) ≥ (1 − α)
2 , and deduce
since α m is the volume of the reduced hyper-cube. Interestingly, this expression in α may be bounded below by a theta-function term, as we may estimate
where θ 4 (q) := n∈Z (−q) n 2 is a Jacobi theta function, see [12] . Now αθ 4 (α)
Proof. This follows directly from the observation that even for n = 2, Theorem 3 with A := 12, B := 4.71 gives us E (n≥2) < 0.54 < 2 e −2γ , the right-hand side being inf n C n . QED Theorem 3 suggests that D n , E n may both follow a truly exponential-decay asymptotic, and numerical work suggests further a universal decay constant, whence we posit:
Conjecture 2 D n , E n both decay exponentially, with the same decay constant. That is, there exist positive constants δ, ∆, φ such that
so that ratios behave as
and lim
Remark 1 If this conjecture is true, we expect, based on the quasi-Monte Carlo (qMC) integrations of Section 13, that ∆ ≈ 5 and δ/φ ≈ 0.7. Moreover, given our rigorous result Theorem 3, is it perhaps reasonable anyway to expect ∆ to be of order b ≈ 4.7.
8 Further dimensional reduction of D n and E n
We have seen that D n , E n can each be defined by an (n−1)-dimensional integral, via relations (3), (5) , and that C n can be reduced to an (n − 2)-dimensional integral, as in (24) and further to an (n − 3)-dimensional form (27) . However, it turns out that D n , E n can also be reduced to (n − 2)-dimensional forms, albeit with considerable combinatorial complications, as we shall now establish. We begin by considering the integrand factor A appearing in (3), (5), and noting the combinatorial recursion that results from an attempt to factor out terms involving only t 2 :
Observe also that we may write
with a := t 3 · · · t n , b := 1 + t n + t n t n−1 + · · · + t n · · · t 3 .
Next, we observe a key formal identity
which will allow us to create terms (1 − z) 2 /(1 + z) 2 via partial differentiation. Now for a parameter vector λ of dimension (n − 1), define
Putting all this together yields
Remarkably, as we shall presently show, G n and G n B n -for any n-can each be integrated in closed form with respect to the t 2 coordinate. Moreover, these closed forms may be differentiated with respect to the λ k and then evaluated at λ k = 1 to provide a legitimate, (n − 2)-dimensional integral over (t 3 , . . . , t n ). Indeed, we have a general reduction theorem:
Theorem 4 For every integer n > 2, each of C n , D n , E n can be written as an (n − 2)-dimensional integral with elementary integrand consisting of algebraic multivariate functions of logarithms.
Proof. For a parameter collection (σ k : k = 1, . . . , M ) we know from partialfraction decomposition that
. Now the t 2 -dependent part of the product integrand G n B n for D n can be written as a product of the type in the integral here, with M = n + 1, t := t 2 , and the σ k involving subsets of variables taken only from (t 3 , . . . , t n ), so immediately we have an algebraic function of logs for an integral over the one coordinate t 2 . Then we differentiate inside with respect to λ 1 , . . . , λ n−1 and arrive at an (n − 2)-dimensional integral. The same argument goes through for the simpler integrand G n of E n , with M = n − 1. QED Note that if need be, C n can be processed as above, with integrand 2B nsee (4)-but the previous result (24) gives equivalent reduction. A specific manifestation of the reduction procedure is detailed in Section 14, where we provide some numerical values for D 5 , E 5 , D 6 , E 6 .
We were able to reduce E 4 entirely to one dimensional integrals and ultimately to evaluate it symbolically (as in Table 1 ) but for higher dimensions this procedure becomes problematic and has not yet been rigorously pursued. The experimentally-detected form for E 5 , described in Section 14, appears not to have obvious higher-order analogues and perhaps represents the end of a polylogarithmic ladder.
Historical resolution of the MTW constants
In Section 2 we describe the MTW constants as the currently known closedform cases I 1 -through-I 4 (in our present normalization, D 1 -through-D 4 ). It is remarkable that McCoy, Tracy, and Wu were able to resolve these constants in closed form some 30 years ago; moreover, it is likewise remarkable that no further closed forms for the D n have evolved in all that time.
We now summarize the historical MTW methods, based on some handwritten notes kindly provided to us for the purpose of finally casting those monumental results in a modern symbolic light [23] . The overall technique relies on three clever transforms; we believe it optimally instructive to describe these transforms first for the more tractable integrals C n , then indicate how the previous researchers handled the D n . Starting with (2) we write
1st MTW transformation: u k → v k /p. This leads to the representation
2nd MTW transformation: v k → α k v j . This yields a finite domain of integration :
where δ is the Dirac delta-function.
3rd MTW transformation: Now the key is to find a coordinate system of (n − 1) dimensions such that the α k sum to unity automatically. For example, take n = 3 and write (here and beyond, we employ bar-notation,x := 1 − x for any variable x):
The beauty of such a transformation is that the three right-hand sides add up to 1, being asz + z = 1 always. For n = 4 one may take
These two transforms are what McCoy, Tracy, and Wu actually employed to resolve D 3 , D 4 , as we shall soon see. Generalization of these n = 3, 4 cases is ambiguous, but an example of a universal simplectic scheme having the property α k = 1 is
so that the α k is a product of k terms, except the last, α n , is to have (n − 1) terms. It is easy to see by adding from the bottom that the sum of the α k here is unity. Note two things: First, that the historical MTW for n = 4 above is not this generalization, so that there are other ways to proceed for general n; and second, when doing the above integral with the Dirac delta-function, the rules are a) drop the δ term altogether, and b) introduce the Jacobian from the matrix of (n − 1)
Now, a striking feature of the triple-MTW transformation scheme is that the Ising permutation products are invariant under the MTW transformations. That is to say, when confronting an Ising susceptibility integral D n , we may casually insert any permutation product such as
into (35) and continue on with the 3rd transformation.
Let us work some small-n examples, then. For n = 2 we have, from the casual-insertion rule into (35),
In this case we do not even need a 3rd transformation, just the constraint α 1 + α 2 = 1, to obtain
consistent with Table 1 . As for C 3 , we use (35) with the above simplectic transform for n = 3 to get
using at the end here the same kind of algebra as in Section 5 for C 3 .
D 3 , in turn, takes the form (recall the rule that the permutation product may simply be inserted, with impunity, into a C n form to render a D n ):
Under the same simplectic transformation as for C 3 above, we obtain
This integral, recondite as it may be, can indeed be resolved and the closed form is given for D 3 in Table 1 . Explicitly, integrating the rational function in
Maple with respect to x under the 'assumption' that x > 0, y > 0, x < 1, y < 1 and then integrating with respect to y produces the evaluation in the form
At this juncture it is important to point out a refinement due to McCoy, Tracy, Wu that actually simplifies the symbolic analysis for D 3 , D 4 . This is to observe a connection between permutation products in the deeper perturbation theory of the Ising model [20] [24] . For example, in the D 3 case above, one may replace the permutation product of the integrand with
We are not saying this permutation form on the right is algebraically equivalent; we are saying that the integral for D 3 is invariant under this modification. At any rate, the D 3 integral with this modified permutation form is somewhat easier to handle, giving, of course, the correct closed form in Table 1 . Along such lines, the culmination of the MTW historical effort is that D 4 may be written
where again the profound knowledge of the underlying perturbation theory allowed those pioneering researchers to use
2 (although we presume that the latter transformation should go through, perhaps with more difficulty along the way). In this fashion the MTW constant D 4 in Table 1 was established, via the the 3rd MTW transformation above for n = 4, those decades ago.
Hypergeometric connections
It turns out that Ising-class integrals have a certain connection with hypergeometric functions and their powerful generalization, the Meijer G-functions. Such analysis gives rise to fascinating series representations, new closed forms, and rational relations between certain pairs of integrals. We sketch such ideas here, with details to be found in our separate work [5] .
This idea is to generalize Ising integrals by modifying intrinsic powers within integrands. Define for integers k ≥ 0
whence, per (8) , the original C n integrals are C n := C n,1 . Not surprisingly, the collection (C n,k : n, k ≥ 0) provides yet more fertile ground for experimentalmathematical discovery, not to mention clues as to what symbolic behavior might be expected of Ising integrals in general. In addition, one can derive [5] some evidently new exact evaluations of Meijer G-functions themselves. Now the Bessel-kernel representation (9) likewise generalizes to
It is clear from the definition (36) that (i) for fixed n, C n,k is monotonic decreasing in k. The arguments behind Theorems 1 and 2 can be adapted to show first, that (ii) for fixed k ≥ 1 the set (C n,k ) is monotonic decreasing in n, and that (iii) for any fixed k we have the large-n asymptote
for which our original, canonical case reads C n = C n,1 ∼ 2e −2γ . This can be verified experimentally.
We next proceed to summarize some closed forms for various C n,k , as proven in [5] . One has
from which it is immediate that
where the p, q coefficients are always rational, with q vanishing for odd k and p vanishing for even k. Similarly, for n = 2, from relation (37) and some manipulations relevant to Meijer G-functions we obtained (see [5] )
, and so
with the same vanishing rule on the rational p, q multipliers as for n = 1. The case n ≥ 3 on C n,k are problematic. We discovered experimentally the conjectures
and several more. We should mention that we found no rational relations whatever between pairs of C 3,even (however, we did find 3-term recurrence relations, as discussed below). Once again on the basis of what to expect, were able to prove the suggested rational-relation conjecture in the form Theorem 5 (See [5] ) For odd k ≥ 1, we have
with the p, q coefficients always being rational.
Moreover, a finite form for the rationals q k can be written down. The method of proof also provides an algorithm for evaluating any C 3,odd rather efficiently. One may arrive quickly at such instances as
See [5] for details. Continuing our summary, we conjectured pairwise rational relations also for the C 4,odd , and carried out an analysis in terms of Meijer G-functions, leading to (again, proof is in [5] ) Theorem 6 (See [5] ) For odd k ≥ 1, we have
In these C 4,,odd cases, polynomial-remaindering and rational-arithmetic algorithms [5] quickly yield instances such as One important aspect of this separate work is the following. Beyond the above rational relations, we were not able to find any other relations whatsoever between any pair of C n,k , regardless of the parity of k, for n ≥ 4. However, we did find experimentally m-term relations, where m = (n + 3)/2 , involving (C n,k , C n,k+2 , · · · , C n,k+2m−2 ). Subsequently, and again because we knew on the basis of experiment what to expect, we were able to prove that these universal recurrences do hold for all parameter pairs (n, k) with n = 1, 2, 3, 4 and any complex k-these machinations amounting to an interesting application of Wilf-Zeilberger methods [5] .
Part II. Various numerical algorithms 11 Algorithm for Bessel-kernel evaluation of C n As implied in our Abstract and elsewhere, we first approached the C n integrals experimentally. Our central strategy for a high-precision numerical evaluation scheme for F (t) = K 0 (t) in relation (9) is to utilize a combination of an ascending series F (asc) (t) (which is well-suited for small t) and an asymptotic series F (asy) (t) (which is well-suited for large t), together with a chosen parameter λ that is the boundary between the "small" arguments and the "large" t.
Given the formulae (11), (12) for the modified Bessel function K 0 , there are two approaches to computing C n from (9). The first, suitable for those who have access to symbolic computing software, is simply to write the integral (9) as a sum of two integrals, one from 0 to λ, and the second from λ to ∞, and then to symbolically expand suitably truncated versions of (11) and (12) and evaluate the numerous individual integrals that result. We have obtained reliable results by taking λ = D/2, where D is the desired precision level in digits, and truncating the two series after 3nλ and 2λ terms, respectively. This approach suffices to obtain modestly high precision results (at least 30 digits) for n up to eight or so. Beyond this level, the symbolic computing costs become too great to complete in reasonable time.
A second approach is to directly evaluate the integral in (9) using the tanhsinh numerical quadrature scheme [9] , [12, pg. 312-313] , where the integrand function is evaluated by either the ascending series (11) or the descending series (12), depending on whether the argument t is less than or greater than λ. For these calculations, we found it satisfactory to take λ = D, and to truncate the series summations when the absolute value of the term being added is less than 10 −D times the absolute value of the current sum. Tanh-sinh quadrature is remarkably effective in evaluating integrals to very high precision, even in cases where the integrand function has an infinite derivative or blow-up singularity at one or both endpoints. It is well-suited for highly parallel evaluation [7] , and is also amenable to computation of provable bounds on the error [8] . It is based on the transformation x = g(t), where g(t) = tanh[π/2 · sinh(t)]. In a straightforward implementation of the tanh-sinh scheme, one first calculates a set of abscissas x k and weights w k
where h is the interval of integration. Then the integral of the function f (t) on [−1, 1] is performed as
where N is chosen so that the terms w j f (x j ) are sufficiently small that they can be ignored for j > N and j < −N . Full details of a robust implementation are given in [9] . Note that in this particular application, multiple C n can be efficiently computed for different n, since the abscissas, weights and K 0 (t) function values at these abscissas are independent of n. Using this approach, we have been able to evaluate C n to very high precision (500-digit accuracy), for n as large as 1024, which is equivalent to performing a 1024-fold iterated integral in (8) . Each of these runs (regardless of n) requires only about 100 seconds on one processor of an Apple G5 computer. Selected high-precision results are exhibited in Appendix 1.
12 Hypergeometric-kernel representation for D n Now to numerical issues for the Ising-susceptibility integrals D n . It is highly suggestive that we were able to transform the C n integral into a 1-dimensional form that admits of arbitrary-precision evaluation. For the D n , a 1-dimensional form is also possible, at least formally: We do not yet know the precise convergence rate of the approach; consequently, the 1-dimensional representation we achieve below may well not be practical.
A hyperbolic representation for D n similar to (8) develops as
Knowing the identity
we fix n and ponder the formal power series
We intend that this define the set of A coefficients. So, formally at least, we have
where the kernel d n is represented
a confluent hypergeometric function [1] in disguise. In fact,
where U is the standard confluent hypergeometric function [1] . Still formally, without regard to convergence, we claim a 1-dimensional kernel for the D n as
This kernel d n is more complicated than the Bessel kernel c n , which is not unexpected on the basis of the combinatorial product's stultifying appearance in the original D n integrand. As previously intimated, we do not know the convergence rate for d n , not to mention the efficiency of the integral (39), say in terms of precision vs. a computational bound on the m k indices. It is therefore admitted that this hypergeometric-kernel representation remains of theoretical interest but with as yet untapped numerical power. We do, however, posit the Conjecture 3 For fixed n, the 1-dimensional kernel d n (p) defined by (40) converges to an integrable function on p ∈ (0, ∞), and therefore gives via (39) the correct Ising integral D n .
In future research it may be useful to analyze the character of the A tensor. For n = 2, the pattern of the A coefficients is evident in the small collection: 
Useful for calculations on the d n kernel may be the ascending and asymptotic series, respectively
and Table 2 : Results of qMC integration for various Dn, En. Items flagged with * are actually known (or suspected) in closed form; many of the entries are known to much higher precision than is accessible via qMC.
Heuristic asymptotics via quasi-Monte Carlo (qMC) methods
We have shown (Theorem 3) that D n , E n are bounded above and below by exponential decay. We also have the decay Conjecture 2 that D n , E n share the same decay constant ∆. Contrast this to our proven result C n → constant. The quasi-Monte Carlo (qMC) integrations as shown below in Table 2 suggest that the decay conjecture is true and that ∆ ≈ 5. Similar theorems and conjectures appear to be reasonable and similar for the related E n , the ratios E/D, and so on. Yet, there are interesting open questions, such as: Is D n−1 /D n eventually monotonic decreasing in n, as Table 2 suggests? Is the same true for D n /E n ? The qMC algorithm we employed-a "spacefill-Halton hybrid"-is, for some integrands, suitable for high dimensions lying somewhat beyond the reach of the classical Halton sequences, [13] . This qMC approach we employed evidently yields several good decimals even up to dimension n = 32. We draw this supposition from the stability of qMC for various n-regions, together with tests on the very much more accurately known C n . (See also the recent survey on qMC, [14] .) Referring to Table 2 : Rows marked '*' (and two items likewise marked) are exactly known (see closed-form evaluations for n = 1, 2, 3, 4 and E 5 in Table  1 ) but all other entities are only numerically understood. Each table entry, for each n, involved 2·10 9 qMC points. Errors are not all rigorously known-entries here are to "believed" precision, based on the qMC trends, and we admit to the usual degradation of precision with increasing dimension. Note that all of the tabulated ratios appear to approach respective constants. Though such limits are only conjectured, we have already proven that D n , E n themselves decay at least exponentially rapidly to zero as n → ∞.
There is an additional question which further computation may well address. Namely, J-M. Maillard has suggested that ratios D n /D n+2 , meaning ratios of consecutive even or odd D n values, might converge more efficiently (or more smoothly?) based on general principles of Ising susceptibility expansions [16] . Unfortunately, the qMC values in our Table 2 are evidently too imprecise to decide such an issue. Generally speaking, though, such "parity acceleration" is not uncommon in other fields; for example, the pure-even, pure-odd convergents of continued fractions are examples of split sequences that can each converge efficiently and independently to an actual common limit.
14 Quadrature for higher-dimensional D n , E n Compared with the one-dimensional quadrature calculations we described earlier, multi-dimensional extreme-precision quadrature is very expensive indeed. Thus, to perform numerical quadrature for entities such as D 5 , E 5 and beyond requires a representation in the lowest possible dimension. We have seen in Section 8 that D n , E n can each be reduced to an (n − 2)-dimensional form. The details of this extra reduction can be quite intricate, so we shall summarize the explicit algebra for the elusive D 5 , E 5 , knowing from Theorem 4 that in higher dimensions we can in principle follow the prescription.
For n = 5 let us denote variables w, x, y, z and symbolically perform the interior integration over w (which was t 2 in Section 8). We use
Then we have, from Section 8,
The results for this procedure are two respective integrals for D 5 , E 5 , over the three variables x, y, z. As we have intimated, the details are overwhelmingly complicated, producing enormous expressions involving multivariate polynomials, rational functions and logarithms. To give but one example, we present on the next page the stultifying triple integral we used to compute E 5 .
There is a similar, yet more complicated integrand for D 5 . The corresponding expressions for D 6 and E 6 are several times more complicated still-the computer code defining the D 6 integrand extends for over 700 lines of 60 or more characters each, even after some simplification! In Appendix 2 we display the numerical results for D 5 , E 5 , D 6 , E 6 obtained in this fashion.
Based on the numerical value for E 5 , we applied a PSLQ integer relation detection program to recognize this constant. We succeeded in finding the experimental result As before, the notation ? = is employed to emphasize that we do not yet have a formal proof for this evaluation. However, this experimental detection is quite strong-190 orders of magnitude beyond the level that could reasonably be ascribed to numerical round-off error or any other artifact.
Alas, we still have not been successful in identifying either C 5 or D 5 . However, we have established, via a PSLQ computation and based on the 500-digit values given in Appendix 2, that:
neither C 5 nor D 5 satisfies an integer linear relation with the following set of constants, where the vector of integer coefficients in the linear relation has Euclidean norm less than 4 · 10 12 :
1, π, log 2, π 2 , π log 2, log 2 2, L −3 (2), π 3 , π 2 log 2, π log 2 2, log 3 2,
Here G = n≥0 (−1) n /(2n + 1) 2 is the Catalan constant. Some constants that may appear to be "missing" from this list are actually linearly redundant with this set, and thus were not included in the PSLQ search. These include In a final set of computations, we computed D 6 to 105-digit accuracy, and E 6 to 250-digit accuracy, as shown in Appendix 2. Unfortunately, however, we have not been able to analytically evaluate either of these constants, either experimentally or formally.
Needless to say, these computations were very demanding, both of hardware and software. Just converting the huge expressions for the integrands into working Fortran-90 code proved surprisingly tricky. For these runs, since the integrands are well-behaved at boundaries, we were able to use multi-dimensional Gaussian quadrature. We could have used tanh-sinh quadrature here, but the run times would have been somewhat longer. The computer runs themselves were performed on the Bassi system, an IBM Power5-based parallel computer system at Lawrence Berkeley Laboratory, and the Terascale Computing Facility, an Apple G5-based parallel computer system at the Virginia Institute of Technology. The computation of D 5 to 500 digits required 18 hours on 256 CPUs; the computation of E 6 to 250 digits required 28 hours on 256 CPUs.
We should note that computing numerical integrals sufficiently high precision to enable serious PSLQ relation searches, which typically require several hundred to several thousand digits, has only recently been achieved for a wide range of integrand functions, even for one-dimensional integrals [11, 12] . Thus our examples here of 3-dimensional and 4-dimensional high-precision quadrature, which require thousands of times as much computation as one-dimensional integrals, truly lie at the edge of presently available numerical techniques and computing technology. Indeed, we are not aware of any other instance of a successful three-dimensional quadrature of a nontrivial function to several-hundreddigit accuracy, much less a successful four-dimensional quadrature. In any case, our reductions to (n−2) dimensions yield dramatic reductions in computational cost, compared to direct quadrature of the original n-dimensional integral, such as (1).
As we have noted, reasonably extensive-but far from conclusive-PSLQ experiments have failed to identify any evaluations of C n , D n , E n for n > 4, except for the experimental evaluation of E 5 mentioned above. The profusion of potential polylogarithmic constants of order 4 and higher, such as Li 4 (1/2), is one of the problems. Perhaps further study will identify the correct terms to use in these evaluations, including perhaps multi-zeta values.
Sum rules for susceptibility amplitudes
It is interesting that, via Painlevé differential analysis B. Nickel [17] , using the differential theory in [24] , has resolved numerical values for two infinite sums relating to the susceptibility amplitudes mentioned in the introduction, namely, recalling I n := πD n /(2π) n , n=1,3,5,... 
Our qMC values from Table 2 , optionally augmented by the above higher precision D 5 , E 5 , D 6 , E 6 values, are entirely consistent with these Nickel numbers, in that we get about 20-decimal-place agreement when adding up D n terms directly. Indeed, it would be wonderful to capture closed forms for these infinite sums.
In the same vein, for comparison we have considered H n := πC n /(2π) n . In this case we may use (9) with the values in Table 1 allowing one to confirm these values to about five places. The use of numerical values from (9) and/or estimates from (22) would allow further confirmation. One might well ask: If the Painlevé analysis leads to high-precision values for the above sums, why does one need a closed form for say D 5 or its relatives? One answer, as posited by J-M. Maillard, is that new Ising theoretical avenues involving Fuchsian ODEs might require precise knowledge of these higher D n , starting with n = 5 [16] .
Open problems
• We have in a sense solved what had been an open computational problem, which is to provide a workable quadrature approach for some higher susceptibility integrals D (n>4) . But (referring to Appendix 2) what is a closed form for D 5 , and how far do we need to take D 6 , E 6 quadrature to perform successful detection? A closed form for E 6 may well be more accessible than for D 5 , D 6 based on our (conjectured) success with E 5 .
• Can the the two-dimensional integral (28) for C 5 be symbolically resolved? Given the historical tendency, any constants obtained would most likely shed light on those involved in the elusive D 5 .
• Is there a way to calculate the hypergeometric D n -kernel (40) efficiently, say by adroit grouping of the confluent summands? This would go a long way toward extreme-precision results for the higher D n .
• Can the methods of the exponential-decay Theorem 3 be extended to find the universal decay constant ∆ in Conjecture 2?
• We discovered that there is a linear, rational relation aC + bC = c = 0 between pairs (C n,k , C := C n,k ) with a pair being any of (C 1,2r , C 1,2r ), (C 1,2r+1 , C 1,2r +1 ), (C 2,2r , C 2,2r ), (C 2,2r+1 , C 2,2r +1 ) or any of (C 3,2r+1 , C 3,2r +1 ), (C 4,2r+1 , C 4,2r +1 ), but could find no others whatsoever. What is a conceivable, abstractalgebraic explanation for the nonexistence of such relations for certain parameter pairs? (Reference [5] has some answers.)
